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Abstract 

In [S], J.Eells and L. Lemaire introduced fc-harmonic maps, and T. 
Ichiyama, J. Inoguchi and H.Urakawa Jj showed the first variation for- 
mula. In this paper, we give the second variation formula of fc-harmonic 
maps, and show non-existence theorem of proper fc-harmonic maps into 
a Riemannian manifold of non-positive curvature (fc > 2). We also study 
fc-harmonic maps into the product Riemannian manifold, and describe 
the ordinary differential equations of 3-harmonic curves and 4-harmonic 
curves into a sphere, and show their non-trivial solutions. Q 



Introduction 

Theory of harmonic maps has been appUed into various fields in differential 
geometry. The harmonic maps between two Riemannian manifolds are critical 
maps of the energy functional E{(j)) = ^ J^^ for smooth maps (p : M ^ 

N. 

On the other hand, in 1981, J. Eells and L. Lemaire proposed the problem 
to consider the k-harmonic maps: they are critical maps of the functional 

Ekicp) = [ eki^)vg, (fc = l,2,---), 

where 6^(0) = + for smooth maps (f> : M ^ N. G.Y. Jiang [S] 

studied the first and second variation formulas of the bi-energy E2 , and critical 
maps of E2 are called biharmonic maps. There have been extensive studies on 
biharmonic maps. 

Recently, in 2009, T. Ichiyama, J. Inoguchi and H. Urakawa [T studied the 
first variation formula of the /c-energy Ek, whose critical maps are called k- 
harmonic maps. Harmonic maps are always fc-harmonic maps by definition. In 
this paper, we study fc-harmonic maps and show the second variational formula 
oiEk. 

In fJTJ we introduce notation and fundamental formulas of the tension field 
and the fc-stress energy tension field. 

In ^ we recall fc-harmonic maps, and state the second variation formula of 
the fc-energy Ek which will be proved in 

In ^ we show the non-existence theorem of proper /c-harmonic maps into a 
Riemannian manifold of non-positive curvature (fc > 2). 
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In Sjni we introduce the notion of stable fc-harmonic maps, and show the non- 
existence theorem of non-trivial stable fc-harmonic maps into constant sectional 
curvature manifolds. 

In fjni we show the reduction theorem of fc-harmonic maps into the product 
spaces. 

Finally, in ^ we derive the necessary and sufficient condition to be k- 
harmonic maps into a sphere, and determine the ODEs of the 3-harmonic and 
4-harmonic curve equations into a sphere, and show their non-trivial solutions, 
respectively. 

We would like to express our gratitude to Professor Hajime Urakawa who 
introduced and helped to accomplish this paper. And we also would like to 
express our thanks to Professor Jun-ichi Inoguchi who helped us during the 
period of our study. 



1 Preliminaries 

Let (M, g) be an m dimensional Riemannian manifold, (A'^, h) an n dimensional 
one, and (p : M ^ N, a smooth map. We use the following notation. The 
second fundamental form B{(/)) of is a covariant differentiation Vdcjj of 1-form 
del), which is a section of q'^T*M (g) (j>'^TN. For every X,Y <E T{TM), let 

BiX, Y) = (Vd(/))(A, Y) = {Vxd<j>){Y) 

= Vxd0(r) - dcbiWxY) = V^^(;,)d0(y) - dcl,{WxY). 

Here, V, V^, V, V are the induced connections on the bundles TM, TN, (jj^^TN 
and T*M ® (j)-^TN, respectively. 

If M is compact, we consider critical maps of the energy functional 

(2) E{c^) = / e{ct>)vg, 

where e{(f>) = = J2iLi ■^{d4>{si)i d(j){ei)) which is called the enegy density 

of 0, and the inner product (•, •) is a Riemannian metric h. The tension field 
T{(j)) of (j) is defined by 

m m 

(3) t(0) = ^(W0)(e„ e,) = ^(Ve.d</))(e,). 

1=1 i=l 

Then, (/> is a harmonic map if t(0) = 0. 

The curvature tensor field R{-, ■) of the Riemannian metric on the bundle 
T*M ® cj)-'^TN is defined as follows : 

(4) i?(A,r) = VxW- VyVx- V[x^y], {X,Y ^T{TM)). 
Furthermore, we define the following: For any Z £ r{TM), 

{RiX, Y)d(f>){Z) = i?^"'^^(A, Y)d(f>{Z) - dc^[R^\X, Y)Z) 

(5) 

= R^{d(j){X),d(p{Y))d(p{Z) ~ d(P{R''\X, Y)Z), 
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where , and R'^ "^^^ are the Riemannian curvature tensor fields on 
TM,TN and (j)-'^TN, respectively. And we define 

771 

(6) A = V*V = -^(Ve,Ve, -Vv.^eJ, 

k=l 

is the rough Laplacian. 

A section of Qi^T*M defined by = e{4))g — 0* ft. is called the stress- energy 
tensor fields and (j) is said to satisfy the conservation law if divS'^ = 0. As in [6], 
it holds that 

(div5^)(X) = -(r(0),d0(X)), {X e r(TM)), 

We define that 4> is said to satisfy the k- conservation law [k > 2) divS^ = 0, 
where the k-stress energy tensor field 5^ is defined by 

(7) (div5^)(X) -(A'~V(<^),d0(X)), {X e r{TM)). 

2 /c-harmonic maps 

J. EcUs and L. Lemaire |6] proposed the notation of /c-harmonic maps. The 
Euler-Lagrange equations for the /c-harmonic maps was shown by T. Ichiyama, 
J. Inoguchi and H. Urakawa [Tl. We first recall it briefly. 

Definition 2.1 ( 6 ). For fc = 1, 2, • • • the k-energy functional is defined by 

\\{d + d*f<lyfvg, (t>eC^{M,N). 

Then, (f) is k-harmonic if it is a critical point of Ek, i.e., for all smooth variation 
{(j)t} of 4> with (j)o = 0, 



di 



Ek{<Pt) = 0. 

t=o 



We say for a fc-harmonic map to be proper if it is not harmonic. 

Then, the first variational formula of Ek can be obtained as follows. First, 
notice the following lemma which will be used to show Theorem [ 



Lemma 2.2 ([I]). For fc = 2,3,--- , the k-energy functional E^ is given as 
follows: 

Case 1; fc = 2^, / = 1, 2, • • • (fc is even). 



E2i{<l>) = l I ||A...Ar(<^)||%. 

^ .IM " ^ 

l-l 



Case 2; fc = 2/ + 1, / = 1, 2, • • • (fc is odd). 

E2i+i{4>) = I J^^ l|V( ^_^Tm\'va- 
i-i 
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Then, we have 
Theorem 2.3 ([!,). Let k — 2,3, ■ ■ ■ . Then, we have 



d_ 

dt 



Ekm^- / {Tk{^),V)Vg, 



M 



whe 



A^'' = A--- At((/)). 



fe-2 



As a corollary of this theorem, we have 
Corollary 2.4 ( 1 ). (f) ■ {^I,g) {N,h) is a k-harmonic map if 

(8) T,i<f>) := J (a^'"'V(0)) = A (a^'"'V(0)) - Jl (A^'-'Kicf.)] 



= 0. 



Notice here that any harmonic map is fc-harmonic. 

We recall the results of Jiang [5^ on the second variation formula of the 
2-energy £2- 

Theorem 2.5 ([5!). Let <j) : M N he a 2-harmonic map from a compact 
Riemannian manifold M into an arbitrary Riemannian manifold N , and {4>t} 
an arbitrary C°° variation of (f> satisfying jgp . Then, the second variation 

formula of ^i?2(0t) is given as follows. 

ri"^ r 



dt 



(9) 



^^2(00= / {y yV + R''iV,d(b{e,))d^{e,), 

- V* W + R^{V, d^{e,))d^{e,))vg 

M 

(Vf(^)i?^)(F,d0(e.))d0(e.) 
i?^(t/,r(<^))r(0) 
2i?^(F,d0(efe))Ve,r(0) 
2i?^(r(0),d0(e,))Ve,T/)«g. 



Then, we show the second variation formula of the fc-energy Ek- 

Theorem 2.6. Let (j) : M N be a k-harmonic map from a compact Rie- 
mannian manifold M into an arbitrary Riemannian manifold N , and {0f} an 
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arbitrary C°° variation of (j) satisfying ([77]) , . Then, the second variation 
formula of ^Ek{4>t) is given as follows. 

t=o 



M 



(V^W-i?^(F,d0(e,))d0(e,), 

a'"'{(V*W - i?~(F,d0(eO)d0(e.))}) 

(10) - (y, A'-'{(V^^(,^)i?^)(d0(efe), T/)r(0) + i?^(r(0), F)r(0) 

+ i?^(d0(efc), Ve,y)T(0) + 2i?^(d(/.(efe), F)Ve,T((/.)} 

+ (Vi^i?^)(d0(eO, A'"V(0))d0(eO 
+ i?^(Ve,y,d0(e,))A'"V(<^) 
-2i?^ ( a'"V(0) , d0(e, ) ) Ve. «g . 

3 Proof of the second variational formula of k- 
energy 

In this section, we calculate the second variation formula the of fc-energy Ek- 

Assume that </> : M — ?> TV is a smooth map, M is a compact Riemannian 
manifold, N and is a Riemannian manifold. First, let 

(11) (/)t : M -> A^, t e = (-e,e),e > 0, 

be a C°° one parameter variation of (p which yields a vector field V £ r{(p^^TN) 
along in by 



(12) ^^=^'^ 



= V. 

t=o 



The variation {(pt} yields a smooth map F : M x N, which is defined by 

(13) F{p,t) = Mp), {P^M, teh). 

Taking the usual Euclidean metric on /<: , and the product Riemannian metric 
on M X If, we denote by V,V and V, the induced Riemannian connection 
on T(M X I,),F~^TN and T*{M x I,) (g) F-^TN, respectively. If {ej is an 
orthonormal frame field defined on a neighborhood U of p £ M, {e^, ^} is also 
an orthonormal frame field on a coordinate neighborhood U x 1^ in M x 1^ , and 
it holds that 

c) d 

(14) ViL — = 0,Ve.e, = Ve.e„ViLe. = Ve.7Tr = 0. 

at dt at Qt 

It also holds that 

r) f r)F^ r) f) 

(15) 
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and 

(Ve.#t)(e,) = V^^^(,,)d0t(e,) - d/t(Ve.e,) = (V,.di^)(ej) 

(16) (Ve,Ve,d</>t)(e,) = V^^^(,^_)((Ve,d^t)(e,)) - (Ve.#0(Ve,e,) 

= (Ve,Ve.dF)(e,), 

and so on. Then, 

Lemma 3.1 ([5]). M^e /lawe 



V^((Ve.dF)(e,)) 



(17) 



(Ve.Ve,dF)(|)-(Vv.,,^df^) 

i?^ [^^^(6,),^^^ (^] ]dF{ei), 



VoVe,Ve,((Ve.dF)(eO) 



(18) 



Ve.Ve 



(Ve.Ve.dF) ( I) -(Vv.,e.dF) (^^ 
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i?^^(di^(e,),d^^ ( ^ HF(e.) 



R^{dF{ek),dF[^\){{Ve^dF){e,)) 



dt 



R''{dF{ek),dF [ ^ ))Ve,((Ve,rfF)(e,)), 



and 



V^Vv.,e.((Ve.dF)(e,)) 



(19) 



(Ve.Ve.dF) ( I) -(Vv.,,^dF)(^| 

9 



5 



i?^^(dF(eO,dF( - ))dF(e,) 



~ i?^^(dF(Ve,efc),dF (^-J)((Ve.dF)(e.)) 
By using Lemma l3.ll we prove Theorem 12.61 



Proof of Theorem 12.6 
As in [1], we have 
d 



(20) 



dt 



Ek{c^,) = IJdFi-^^liVe.Ve, -Vv.,e.)(A'"'((Ve,d^^)(e,))))«, 
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{R'^dF{-),dF{e.))dFie,),A {{V ,^dF){e,)))v,. 

M 
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Therefore, we have 



(21) 



Ekift) - IJVo^dF{-^^),-A(A'-'(iV,.^dF){e,))) 

+ i?^(A'"'((Ve.dF)(e,)),di^(e,))di^(ej))^9 
(dF(|),V.[-A(A'-'((V.,dF)(e,))) 



M 



Then, we calculate 



+ R^(A''-\{V,^dF){e,)),dFie,))dF{e,)])vg. 
RN(A'''^({Ve,dF){e,)),dF{e,))dF{e,)\ . Using m 



and second Bianchi's identity, we have 



(22) 



R''iA {{V,^dF){e,)),dF{e^))dF{e, 



d 



+ (V:rF(e.)^^ )(A {{Ve,dF)ie,)),dF{-))dF{e,) 



R^iA {(V.,V.,dF) ( - ) - (Vv.,e,rfF) ( - 



dt 



+ R''{dF{ej),dF ( - ])dF{e,)},dF{e,))dF{e,) 



-k-2 



d 



R"{A {{V,^dF)ie,)),{Ve.dF)i-))dFie,) 

dt' 



-k-2 



+ R''iA {{V,^dF){e,)),dF{eMVe,dF){ 
Using (dZl), (UHl), dm) and (EH), we have 
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Ekift) 

- jjyo_dF{^^),--E(K^'\{V,^dF){e,))) 



(23) 



-k-2 



R'' (A ((Ve, dF){ej)),dF{e,))dF{e,))vg 



'M 



A 



A-2 



d_ 

dt 

R^{dF{ej),dF 



(Vv.^e.dF) 

d_ 

dt 



d_ 

dt 

)dF{e,) 



R^{dF{ek),dFl- ){{Ve,dF){e,)) 



R'^dF{ek),dF ( - ))Ve,((V.,dF)(e,)) 



(Ve,Ve,d^)(^)-(Vv.,.,dF)(- 



-R^idFiV,,ek),dF ( ^ ))((Ve,dF)(e,)) 



-/c-2 



i?^(A {(V.,Ve,dF) ( - ) - (Vv.,e,dF) ( - 



dt 



R'\dF{ej),dF ( — ])dF{ej)),dF{e,))dF{ei) 



-k-2 



d 



+ R''iA ((Ve,dF)(e,)),(Ve.dF)(-))dF(e,) 
+i?^(A'''((Ve,dF)(e,)),dF(e.))(Ve.d^^)(|) ) i;,. 



Putting t = in 1^^, the first term of the RHS of vanishes since (f> is 
fc-harmonic. 
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Therefore, we have 



t=o 



= I (-V*Vy-i?^(d(/.(eO,F)#(eO, 

J M \ 

a'-'{(-V* W - i?^(d0(e,), F)d</)(e,))}) V, 

- I (y,A'-'{(V^^(,^)i?^)(d0(efe),T/)r(^)+i?^(r(^),F)r(^) 
(24) Jm \ vy u ^ ^ 

+ 7?^(d0(efc), Ve, V)t(0) + 2i?^(d0(efc), V)Ve,T{c^)) 

-i?^(A'"V((/.),Ve,y)d^(e,) 
-i?^(A'"V(0),d0(eO)Ve.F)«g. 

By the Bianchi's second identity, 
(25) 



= (V{)!i?^^)(d0(e,),A^ V(0)), 
and Bianchi's first identity 

-i?~(A'-V(0),Ve.y)d0(eO 

»r — — /c-2 — fe-2 — 

= i?^(Ve,^,d0(e,))A'^ >(</)) -i?^(A' >(</)), d0(e,))Ve.^, 
we have Theorem 12.61 □ 

4 A;-harmonic maps into Riemannian manifold 
of non positive sectional curvature 

Jiang [5 showed the fonowing proposition. 

Proposition 4.1 ([5])- Assume that M is compact and N is non positive cur- 
vature, i.e., Riemannian curvature of N Riem^ < 0. Then, every 2-harmonic 
map <f) : M ^ N is harmonic. 

In this section, we generalize this proposition to every fc-harmonic map. 
Namely, we have 

Theorem 4.2. Assume that M is compact and N is non positive curvature, 
Riem^ < 0. Then, every k-harmonic map (f> : M ^ N is harmonic. 

To prove this theorem, we show Theorem 14.51 First, we show the following 
two lemmas. 
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Lemma 4.3. Let I = 1,2, ■■■ . If Ve, A^' ^^r{<p) =0 {i = !,■■■ ,m), then 

aV(0) = 0. 

Proof. Indeed, we can define a global vector field G r(TM) defined by 

m 

(27) = 5^(-Ve, A^'"'V(0), AV(0))e,. 
Then, the divergence of X^, is given as 

m 

div(X^) = (AV(0),AV(0)) +^(-Ve,A^'"'V(0),Ve,AV(0)) 

= (aV(0),aV(0)), 

by the assumption. Integrating this over M , we have 

0= / dW{X^)vg^ [ (aV(0),aV(0))«„ 
Jm Jm 

which implies aV((/)) =0. □ 

Lemma 4.4. Let I ^ 1,2, ■■■ . // aV((?!)) = 0, then 

Ve. a''"^V(0) = 0, (i = l,---,m). 

Proof. Indeed, by computing the Laplacian of the 2Z-energy density 62; we 
have 

m 

Ae2z(0) =^ (Ve.A^'~'V(0), Ve.A^'"'V(0)) 

(28) - {v*V(A^'-'Km,A^'-'K{^)) 

= ^ (Ve.A^'"'V(0), Ve.A^'''V(^)) > 0. 
i=l 

By Green's theorem Jj^j Ae2i{(f>)vg — 0, and (^5]) . we have Ae2;(0) = 0. Again, 
by (|28l) . we have 

Ve, A^'~^V((/)) = 0, (i = l,---,m, ? = 1,2,---). 

□ 

Lemma 4.5. LeH = l,2,---. // A'r((/)) = or Ve. A^'"^V(0) = 0, 

(i — 1,2,- •• ,m), then every k-harmonic map cj) : M ^ N from a compact 

Riemannian manifold M into another Riemannian manifold N is a harmonic 

map. 
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Proof. By using Lemma 14. 3[ 14.41 we have Lemma 14.51 □ 

By using Lemma 14.51 we show Theorem 14.21 
Proof of Theorem 

By computing the Laplacian of the 2{k — l)-energy density 62(^-1) (0), we 
have 

A e2(fc_i)(0) 
By using 

(30) rfe(0) = A^'''V(0) - 3?(A^'"'V((/))) = 0. 

Then, we have 

>0, 

due to Riem^ < 0. By Green's theorem, 

0-/ Ae2(fe-1)(0K = / (Ve.A^'"'V((/-),Ve.A^'"'V(0)\l,, 

(32) JIM ^ ' 

~J^^ (3?(A^'"'V(0)),A^'-'V(0))i;,. 

Then, the both terms of the RHS of (|32l) are non-negative, so that we have 

= Ae2(fe-1)(0) = (Ve,A^'"'V(0), Ve.A^'~'V(<^)) 
^''^ -(3^(A^'^-^V(0)),A<'=-V(0)). 

Then, since the both terms of p3p are non-negative again, we have 

(34) Ve, A^'"'V((/.) = 0, (z = l,---,m). 

By using Lemma we have t(0) = 0. □ 

5 Stable A;-harmonic maps 

In this section, we generahze the resuhs of Jiang [5] on stable 2-harmonic maps 
to stable fc-harmonic maps. 

By the second variation formula, Jiang [5] defined the notion of stable 2- 
harmonic maps as follows. 
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Definition 5.1 (^). Let (p : M N he a, 2-harmonic map of a compact 
Riemannian manifold M into a Riemannian manifold N. Then, is stable if 
the second variation of 2-energy is non-negative for every variation {4>t} along 
^. 

Notice that by definition of the 2-energy, any harmonic maps are stable 2- 
harmonic maps. This also can be seen as follows: since t((/)) = 0, for a vector 
field V of any variation {<j>t}, it holds that 

= / \\-V*VV + R^{V,d<j)ie,))d(bie^)\W>0. 

t=0 JM 

Theorem 5.2 ([5^). Assume that M is a compact Riemannian manifold, and 
N is a Riemannian manifold with a non-negative constant sectional curvature 
K > 0. Then, there is no non-trivial stable 2-harmonic map satisfying the 
conservation law. 

By the second variation formula (cf. Theorem l2.6[) . we can introduce the 
notion of stable fc-harmonic maps. 

Definition 5.3. Let (p : AI N he any /c-harmonic map of a compact Rieman- 
nian manifold M into a Riemannian manifold N. Then, (p is stable if the second 
variation of fc-energy is non-negative for every variation {(t>t} of (jj, i.e., (1101) in 
Theorem 12.61 is non-negative for every vector field V along (p. 

We have immediately 

Proposition 5.4. All harmonic maps cp : M ^ N are stable 21 -harmonic maps 
(/ = 1,2,...). 

1, 2, • • • ). Since t(0) = 0, by Theorem 12.61 we have 
/ 0-\v*VV-R^{V,d(bie,))dcP{eM\>O. 

JM 

□ 

Furthermore, one can consider a stable A:-harmonic map into a Riemannian 
manifold {N, h) of constant sectional curvature. Then, we have 

Theorem 5.5. Assume that M is a compact Riemannian manifold, and N is 
a Riemannian manifold of non-negative constant sectional curvature K > Q. 
Then, there are no stable proper k-harmonic maps satisfying the conservation 
law, the k- conservation law and the 2(fc— 1)- conservation law. 



(35) 4i?2(0t) 



Proof. Let k = 21 {I 

d^ , , 
-rpiE.icp,) 
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Proof. Since N has constant curvature, = 0, so that ([TU)) becomes 

V*W-i?^(F,d0(e,)W(e.), 
a'"'(V* W - R^{V, d<^{e,))d<f>{e.,))) Vg 

(F,A'"'{i?^(T(0),V^)T(0) 

+ i?^(d0(efc),Ve,y)T(0) 

+2i?^(d,^(efc),F)Ve,T(^)} 

+ i?^(Ve.F,d0(e,))A'"V(0) 



(36) 



t=o Jm 



M 



-k-2 



Especiahy, if we take V = A t{4>), then the first term of the RHS of ([55)) 
must vanish. So we have 



^i5.(^0 

t=o 

A'^'"'V(0),i?~(r(</>),A'"V(</.))T(</.) 

A/ 

+ i?^(d(/.(efc),Ve,A'"V(0))T(0) 

+ 2i?^(d</)(efc), A'"V(0))Ve,T(0)), 
(a'"V(<^), i?^(Ve. a'"V(^), d0(e,))A'"V(^) 



M 

-2i?^^(A" V(0),d0(e,))Ve,A" V('/'))t's 
= / (T(0),A'^'-'V(0))(A'"V(0),r(0)) 

JM 

+ (Ve,A'"V(0),r(0))(d0(efe),A'^'"'V(0)) 

- (d(/.(efe ) , r (0)) ( Ve, a'"V(0) , a'^'"' V(0)) 
+ 2(A'"V(0),Ve,r(0),)(d0(efe),A'''"'V(0)) 

- 2(#(efe), Ve,r(0)) (a'"V(0), a'^'""t((/))) 
+ {d<t>{e,),-E''-\{<t>)) (Ve. a'" V(<^), a'"V(</.)) 
-(Ve.A'"V(<^),A'"V(<^))(d</>(e.),A'"V(0)) 
-2(d0(eO,Ve.A'"V(0))||A'"V(0)||2 

+ 2(A'"V(</)),Ve.A'"V(^))(d^(e,),A'"V(<^))z;g. 
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Here, we have 



(#(eO,Ve.A'"V(</>)) =e.(d0(e.O,A'"V(0)) - (Ve.d0(e.), a'"V(0)) 
(38) = -(r(0), a'"V(0)) - (d0(Ve.eO, a'"V(0)) 

= -(r(0),A'"V(0)). 

By the assumptions, we have that 

r (T(0),d0(x)) =0, 



(39) 



(d0(X),A' V(<^))=0, 
I (d0(X),A'<'"'V(0)) =0. 



for all X G r(rM). And we have (d0(efe), Ve,r((?;.)) = -|lr(0)|l2. Thus, we 
have 



(40) 



i=0 



-i^ / (r(0),A''' 'V(</)))(a' V(0),r(0)) 



■2(fc-2) 



||t(0)||^(A^ t(0),A'^^ 'V(0)) 



-fc-2 



k-2 



+ 2(t(0),A t(0))||A t((/.)| 



Now, we divide the situation into two cases. 

Case 1) k = 21 {I = 1,2, ■ ■ ■ ). In this case, we have 



o<^i.2,(0.; 



(41) 



t=o 



M 



|A" r(0)|p 



+ ||r(<^)in|A^^'-^V(0)f 



2ii7r2('-i), 



+ 2||A" V(0)f||A"^" "r(0)|pT;^ < 0. 
By using Lemma 14.51 we obtain r((/)) = 0. 

Case 2) = 2^ + 1 (Z = 1, 2, • • • ). In this case, we have 



0< -^E2i+M 



(42) 



K / ||Ve.A'^' 'V(0)f ||Ve.A' V(0)|| 



A/ 



+ ||r(0)|n|Ve,A'' V(^)||2 



+ 2||Ve.A T(0)r||A Tm'vg<Q 



By using Lemma 14.51 we obtain t((^) = 0. 
So, we have Theorem [531 



□ 



6 The /c-harmonic maps into the product spaces 

In this section, we describe the necessary and sufficient condition to be k- 
harmonic maps into the product spaces. First, let us recall the result of Y.-L. 
Ou g]. 
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Theorem 6.1 O). Let f : {M,g) -> (iVi,/ii) andip : {M,g) ^ (iV2,/i2) he two 
maps. Then, the map (f> : (M, g) — >■ (A'^i x 7V2, hi x /12) with (f>{x) — {(p{x), ip{x)) 
is 2-harmonic if and only if the both map ip or are 2-harmonic. Furthermore, 
if one of if or ip is 2-harmonic and the other is a proper 2-harmonic map, then 
<j) is a proper 2-harmonic map. 



We generalize Theorem 16.11 for /c-harmonic maps. Namely, we have the 
following theorem which is useful to construct examples the /c-harmonic maps. 

Theorem 6.2. Let ip : {M,g) -> {Ni,hi) and tp : {M,g) be two 

maps. Then, the map (j) ■ {M,g) {Ni x N2,hi x /i2) with 4>{x) = {Lp{x),ip{x)) 
is k -harmonic if and only if the both map ip or ^ are k -harmonic. Furthermore, 
if one of (p or tp is harmonic and the other is a proper k-harmonic map, then 4> 
is a proper k-harmonic map. 

Proof. As in [4 , r((/)) = T{ip) +t(V'), A^t((/)) = A^t((^) + A^r(V'). So we only 
notice that A^T{(p) is tangent to A^i, A^T{ip) is tangent to N2. So we have 



(43) 

Simillary, 



A^(A^t((/.)) = A^(A^r((^) + A^r(V.)) 

= A^(A^r(^)) + A^(A^rW). 



A^ r(0) = A^ T{(p) + A^ t(V'). 



We use the property of the curvature of the product manifold to have 
i?~^x^nrf0(e.),Ai'^'V(0))d0(eO 

Therefore, we have 

T,(0) = A5f"'V(0) +i?^^x^Hrf0(e.), Ai'""r(0))d0(e,) 
(44) ^aI'-'K{^) + R^^{d^{e,),Al'-'K{^))d^{e,) 

+ Ajf"'V(^)+i?^^(dV'(e,),Aj-'V(^))d^(e,) 

□ 



The following corollary generalizes Corollary 3.4 in fll. 

Corollary 6.3. Let ijj : (M,g) — > {N,h) be a .smooth map. Then, the graph 
<j) : {M,g) — !■ {M x N,g x h) with 4>{x) = (x^tplx)) is a k-harmonic map if and 
only if the map ip : {M,g) — {N, h) is a k-harmonic map. Furthermore, if ip is 
proper k-harmonic, then so is the graph. 

Proof. This follows from Theorem 16.21 with ip : {M, g) — > [N, h) being identity 
map which is harmonic. □ 
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Example 6.4. Let </) : R — > M x S'" be a smooth curve parametrized by the arc 
length in the product space M x S*" with the standard product metric defined 

by 

(f){x) ~ (x, cos(-\/2a;)ci + sin(\/2a;)c2 + C4), 

where ci, C2 and C4 are constant vectors in M"+^ orthogonal to each other with 
|ci|2 = |c2p = |c4p = i as in Example [771 Then, </) : R R x S*" is A:-harmonic 
for fc = 2, 3 and 4. 

7 Determination of /c-harmonic curves into a sphere 

We determine that the ODEs of the 3- harmonic, and 4-harmonic curve equations 
into a sphere, respectively. 

Theorem 7.1. Le< 7 : / -> S*" C R"+^ he a smooth curve defined on an interval 
of R parametrized by arc length. Then, 7 is k-harmonic curve if and only if 

(Vy V^O^'^^HVyY) + (Vy Vy)('=-2)(Vy7') 

-<?((VyVy)('=-2)(Vy7'),7') 7' = 0, 

where g is the standard Riemannian metric on S*" of constant sectional curvature 
1, we denote by 7' the differential of j with respect to the arc length. 

Proof. 7 is a fc-harmonic curve if and only if 

rfc(7) := A (a''"'V(7)) - Ji (a^'"'V(7)) = 0. 

Now, we have r(7) = VyY, 5i{V) -g (F,7')7', and \V = -VyVyV, 
respectively for aU V G r(7-iTS'"). By 

we have Theorem l7.1l □ 



Proposition 7.2. Let -f : I ^ S"- C R"+^ be a smooth curve parametrized by 
arc length. Then 7 is 3-harmonic curve if and only if 

(45) 7(6) + 27(4) + (2 - 522)7" - 45237' + (2 - 3522 - 9524 - 8533)7 = 0, 

where gij — go{'J^^\j^-'^), {i,j = 0, 1 . . . ), and 50 is the standard metric on the 
Euclidean space R"+"'^. 



Proof. 

V°,7' = ^(7',7')+Vy7', 

which yields that 



V^y- V°,7' + 3(7',7')7- 



Therefore, we have V^'7' = 7" + 7. Similarly, 



7' 

(Vy Vy )(Vy7') = 7^'^ + 7" + (513 + 1)7- 
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(VyVy)2(Vy7') 
(46) = 7(6) + + (g,3 + + (2^23 + 3514)7' 

+ (1 + 533 + 3.924 + 3gi5 + 522 + 3513)7. 

Here, we used 513 = -522 , ffi4 = -3^23 , ffis = -3^33 - 4524- So we have 
Proposition [7?2l □ 



Proposition 7.3. Let 7 : / — S"" C R"+^ be a smooth curve parametrized by 
the arc length. Then, 7 is A-harmonic curve if and only if 

^(8) + 27(6) + (2 - .922)7*'^ - 115237^'^ 
+ (-24533 - 25524 + 2 - 3522)7" 
(47) +(19534 + 2O525 + 9516 - 13523)7' 

+ (5544 + II535 + IO526 + 5517 - 4O533 - 43524 + 522 - 5522 + 2)7 

-0, 

where, g^j = 5o(7^'\ 7*^^), («, J = 0, 1 . . . )■ 

Proof. We calculate (V-,/ V^')^(V.y'7') as follows. 

(VyVy)3(Vy7') 

= 7(8) + 7(6) + (513 + 1)^(4) + (4^23 + 5514)7^'^ 
+ (6533 + 15524 + IO515 + 1 + 522 + 3513)7" 
+ (19534 + 2O525 + IO516 + 12523 + 10514)7' 

+ (5544 + 11535 + 1O526 + 5517 + 1O533 + 22524 + 14515 + 5?3 + 4gi3 + 1 + .922)7- 

By using (|46l) . we have Proposition 17.31 □ 

We can derive the ODE to be 3-harmonic or 4-harnionic in terms of the 
Frenet-frame. Indeed, the Frenet-frame is given as follows: 

f I'^T, W^,T - kN , V^iV = -kT, 
\ {T,N)^0, (T,r) = l, (iV,iV)=l, 

where k is the geodesic curvature and (•, ■) = 5 the standard Riemannian metric 
on S"^. Then, we have the following. 

Proposition 7.4. Let 7 : / ^ (S*^, (•,•)) be a smooth curve parametrized by the 
arc length. Then, "f is a 3-harmonic curve if and only if 

k(4) - 12(k')^ - IOk^k" + - 3k(k')^ + k" - = 0, 
- 2^3 k' + 2k' k" = 0, 

where k is the geodesic curvature ofj. 



17 



Proof. We calculate {V'^,V'^,)'^t{-/) as follows. 

(Vi^V^)V(7) = - 12(k')' - lOK^At" + 3KK)')iV 
+ (-5kk(^^ + IOk^k' - 10kk")T. 

Therefore, 7 is 3-harmonic if and only if 

(50) , , 

+ (-5kk(3) + lO/t^/t' - IO/v'k'OT = 0. 



So we have Proposition 17.41 □ 

Proposition 7.5. Lef 7 : / — > (S*^, (•, •)) &e a smooth curve parametrized by the 
arc length. Then, 7 is A-harmonic curve if and only if 

_ 24(k")2 - 24«;'«;"' - A5{k')^k" - - SIkk'k^^) _ 21k^k^^'> 

+93«;3(k')2 + 35^4^" + I2n\n'f - 
+(«;(4) _ i2(k')2 _ 10^2^// + ^5 _ 3^(^')2) = 0, 

-7kk(^) + 48kk'k" + 162k'^k'k" + 35k^k^^^ - 21k^k' + 69k{k')^ 
-21k'kW + i2(«;')3 _ 35k"k(3)) = 0, 

where k is the geodesic curvature of ^ . 
Proof. We calculate {V^,V^,fT{-i) as follows. 

(V^Vi^)V(7) 

=(«:(6) _ 24(k")' - 24ac'«;"' - 45(k')^«" " 46a«(k")' 

(51) - 81kk'k(3) _ 21k2k(4) + 93k3(k')2 + 35k'*k" + Un^in'f - tJ)N 
+(-7kk(^> + 48kk'k" + 1Q2k^k'k" + 35k^k(^' - 21k^k' + 69k(k')^ 

- 21k'k(4) + i2(k')3 - 35K"«;(3))r. 

Therefore, using l^^ . 7 is 4-harmonic if and only if 

(«;(6) _ 24(k")2 - 2Ak'k"' - A^i^'fn" - AQK{K"f 

- 81kk'k(3) - 21k2k(4) + 93k3(k')2 + 35k''k" + l2n'^{K'f - 

(52) + (k(4) _ 12(k')2 _ 10^2^" + k5 _ 3k(«;')2))7V 

+(-7kk(^) + 48kk'k" + IQ2k^k'k" + 35k3k(3) - 21k^k' + 69k(k')^ 

- 21k'k(4) + i2(k')3 _ 35K"At(3))T = 0. 

So we have Proposition 17.51 □ 

We show the following Theorem 17.61 

Theorem 7.6. Every non-harmonic k-harmonic curve into (5^, (•,•)) whose 
geodesic curvature is constant is 2-harmonic. Namely, 7 : / — > (S*^, (•,•)) a 
smooth curve parametrized by the arc length. If the geodesic curvature n of j is 
constant, every k-harmonic is 2-harmonic. 
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Proof. 7 is 2-harnionic curve if and only if 

(Vi^V^)r(7)+r(7)-(r(7),7'>7' = 0. 

Now we have t(7) = kN and {\j'^,\J^,)T{-f) = (k" - k'^)N - 2,kk'T. Therefore, 
7 is 2-harmonic if and only if — 1. Next, we consider fc-harmonic curve. We 
set geodesic curvature k of 7 is constant. Then, we have 

So, 7 is fc-harmonic curve if and only if 

So, we have Theorem 17.61 □ 



Example 7.7 ([3]). R. Caddeo, S. Montaldo and C. Oniciuc gave following two 
curves are propre 2-harmonic curves 7 : / — S*" C M"+^ (c/. ;.3,) . 

(53) 7(t) = cos(\/2<)ci + sin(\/2t)c2 + C4, 

where ci, C2 and C4 are constant vectors orthogonal to each other with jcip — 

\C2? = \C,\' = \- 

(54) 7(t) = cos(ai)ci + sin(ai)c2 + cos(6i)c3 + sin(6t)c4, 

where ci, C2, C3 and C4 are constant vectors orthogonal to each other with 
|ci|2 = |c2|2 = |c3p = |C4|2 = \, and a2 + fe2 ^2,aVfe'- 

Proposition 7.8. The curves \5SI^ and \54\ in Example \7.T\ are also 3-harmonic 
and A-harmonic. 

Proof. We can show this proposition by a direct computation. The proof is 
omitted. □ 

Remark 7.9. Notice that a 2-harmonic map implies not always to be 3-harmonic 
or 4- harmonic. Proposition 17.81 is non-trivial. 
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